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GENERALIZATION TO |n〉 7→ |pn〉
With minimal changes, the algorithm defined in the
main text can be modified to perform a related opera-
tion where ψn(x), n ∈ N, transforms to a generic higher
multiple ψpn(x), p ∈ {2, 3, 4, . . .}. Trivial changes occur
in Step 1, where the interval is simply expanded from
(0, L) to (0, pL), and Steps 3 and 5, where the extended
IPW is divided by adiabatic barriers to p partitions of
length L. In Step 4, the phase corrections need to be
reevaluated and adjusted separately for each subsystem.
In the following, we repeat the calculation of the prop-
agation to show that the wave function is—in carefully
chosen times—replicated in the manner
U(τ˜)ψext(x) =
1√
p
eiφbx/Lc ×

ψin(x mod L),
b xLc even,
ψin(L− (x mod L)),
b xLc odd,
(1)
generalizing [1, (7)], as needed for the rest of the algo-
rithm.
Let τ˜ = 2p2pi/(mω0) with m ∈ N, let ψext(x) denote
the zero-padded extension of the initial wave function
ψin(x) to the interval (0, pL). Let ψ
′
n(x) denote the en-
ergy eigenbasis of the extended IPW,
ψ′n(x) =
√
2
pL
sin
pinx
pL
, n ∈ N, x ∈ (0, pL). (2)
The state ψext(x), rewritten as a superposition
ψext(x) =
∞∑
n=1
βnψ
′
n(x), (3)
evolves over the time τ˜ to
U ′(τ˜)ψext(x) =
∞∑
n=1
e−2pii
n2
m βnψ
′
n(x).
As the exponential factors appearing in the right-hand
side are periodic with a period of m, we can re-express
them using forward and backward finite-dimensional
Fourier transform as
1
m
∞∑
n=1
m−1∑
k=0
m−1∑
j=0
e−2pii
j2+jk
m
 e2pii knm βnψ′n(x). (4)
Expressing ψ′n(x) using (2), we find that any combina-
tion of the form
−i√
2pL
∞∑
n=1
m−1∑
k=0
γke
2pii knm βn
(
e
piinx
pL − e−piinxpL
)
can be expressed as
−i√
2pL
∞∑
n=1
m−1∑
k=0
γkβn
(
e
piin
pL (x− 2kpLm ) − e−piinpL (x− 2kpLm )
)
=
√
2
pL
∞∑
n=1
m−1∑
k=0
γkβn sin
(
pin
pL
(
x− 2kpL
m
))
=
∞∑
n=1
m−1∑
k=0
γkβnψ˜
′
n
(
x− 2kpL
m
)
,
where ψ˜′n(x) denotes the analytic extension of ψ
′
n(x) to
R, provided γk = γm−k. This is indeed the case for the
coefficients appearing in (4). Therefore, denoting ψ˜ext(x)
the odd and 2pL-periodic extension of ψext(x) (obtained
by replacing ψ′(n) by ψ˜′(n) in (3)), the evolved state can
be written as
1
m
m−1∑
k=0
m−1∑
j=0
e−2pii
j2+jk
m
 ψ˜ext(x− 2kpL
m
)
. (5)
The finite sum over j is a quadratic Gauss sum (namely
G∗(1, k,m), the asterisk denoting a complex conjugate),
the theory of which is well covered in sources on number
theory. Completing the square in the exponent, we can
2reduce this to
G∗(1, k,m) = e
piik2
2m
m−1∑
j=0
e−2pii
j2
m = e
piik2
2m G∗(1, 0,m) (6)
=
√
me
piik2
2m ×

1− i, m ≡ 0 (mod 4),
1, m ≡ 1 (mod 4),
0, m ≡ 2 (mod 4),
−i, m ≡ 3 (mod 4)
(7)
if k is even and to
G∗(1, k,m) = e
piik2
2m
m−1∑
j=0
e−2pii
(j−1/2)2
m (8)
= e
piik2
2m
(
1
2
G(1, 0, 4m)−G(1, 0,m)
)∗
(9)
=
√
me
piik2
2m ×

0, m ≡ 0 (mod 4),
−i, m ≡ 1 (mod 4),
1− i, m ≡ 2 (mod 4),
1, m ≡ 3 (mod 4)
(10)
for k odd.
Now if in our problem p is odd, we simply put m =
p in the above formulas, considering thus an evolution
over τ˜ = 2ppi/ω0. We can see that the absolute value of
each G∗(1, k, p) coefficient is the same,
√
p, so (5) can be
written as
U ′(τ˜)ψext(x) =
1√
p
m−1∑
k=0
eiχk ψ˜ext(x− 2kL)
with suitable phases χj , where the supports of the in-
dividual terms never collide. A closer study promptly
reveals that this form is compatible with (1).
If p is even, we put m = 2p, so τ˜ = ppi/ω0. Now m is
a multiple of 4 so G∗(1, k,m) = 0 for all odd values of k
and |G(1, k,m)|2 = 2m = 4p for all even k. This means
(5) can be reduced to
U ′(τ˜)ψext(x) =
1
2p
m/2−1∑
k=0
√
4p eiηk ψ˜ext(x− 2kL)
with some phases ηk. This is clearly a result of the same
form as in the case of p odd and thus also an instance of
(1).
In both cases, the initial wave function ψin(x) is repli-
cated by extending the original pattern by point inver-
sions about x = L, x = 2L etc. and renormalized by
a factor corresponding to the inverse square root of the
number of clones. Each replica of the original function
bears an extraneous phase factor which can be deduced
from formulae (5) through (10) and would need to be
removed in Step 4. As a consistency check, it is straight-
forward to see that in the case p = 2 the former result [1,
(6)] is obtained including the correct phase factors and
the time of evolution yields τ˜ = 2pi/ω0 = τ .
THE INVERSE OPERATION
The Hilbert Hotel operator Ĥ2 is isomorphic but not
unitary as its range is only a subspace of the original
Hilbert space. A question naturally arises on how it can
be reversed and what happens during the reverse trans-
form to states not belonging to the range.
If a state is composed only of even excitation num-
bers, the procedure is in principle reversible, resulting in
dividing each level number present in the superposition
by two. Most of the original protocol can be reversed in
a straightforward manner but some attention needs to be
put into reversing Step 1. This would become a sudden
cut-off of one half the underlying interval of the Hilbert
space. In quantum mechanical terms, such an operation
would need to be preceded by a binary coarse-grained
projective measurement of position and a post-selection
on the result indicating the presence of the particle within
(0, L). The probability of this outcome then determines
the success rate of the reduction.
Only if we start with a state described by a super-
position of even ψ
′
n, all the reverse steps including the
projection onto (0, L) happens deterministically. If the
initial state contains odd excitation numbers, there will
be at this stage of the protocol a part of the wave function
in the interval (L, 2L) to be cut off. The presence of odd
numbers also causes unpredictable behaviour in the re-
verse Steps 3 to 5 where unbounded energies emerge due
to splitting of the IPW away from a nodal point. This
means starting with a state out of the range of the Hilbert
Hotel operator Ĥ2 results in information loss, distortion
of the wavefunction, and decoherence.
EXPERIMENT DETAILS
Here we list the specific counts that we have recorded in
the OAM projection measurements. We observe that the
major contribution to the modal decomposition comes
from the 3` component, and that there are some spurious
components coming from neighboring modes. However,
if the modes are far enough such as the ` = −3 and the
` = 3 modes, the multiplied fields have practically zero
overlap.
The presence of imperfections is due to the large num-
ber of optical components in the setup, paired with
limited-size optics. We conclude that the most dramatic
improvement can be achieved by using a more compact
and tailored version of the OAM sorters. Fig. 3 shows a
3simulation of finite-size optics, field propagation, diffrac-
tion and pixellation of the SLMs. The result is similar to
the ones obtained in the experiment.
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FIG. 1. All the recorded counts in the projection measure-
ment. Note that the largest contribution is by far the 3`
component.
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FIG. 2. A summary of the experimental results. In red, the
mean prediction bands at 1σ, while the error bars in blue are
the singles at 1σ. On the horizontal axis we have the input
OAM and on the vertical axis we have the output OAM. The
detailed histograms for each data point are in Fig. 1.
FIG. 3. Simulation of an ` = 1 mode being multiplied to ` = 3
(top panels), and of a balanced superposition of ` = ±1 being
multiplied to ` = ±3 (bottom panels). The simulations take
into account finite-size optics, field propagation, diffraction
and pixellation of the SLMs (color indicates the phase).
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